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Abstract

We characterize the directional derivatives of multidimensional Bernstein operators by a new mea-
sure of smoothness. This task is carried out by means of establishing the relation between the asymp-
totic behavior of the derivatives and the smoothness of the functions they approximate. The obtained
results generalize the corresponding ones for univariate Bernstein operators.
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1. Introduction

Let S := S, be the simplex it (d € N) defined by

d
S = 1X:=(x1,x2,...,Xq4) € R‘l:x,-20, [X] :=Zx,-<1
i=1
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The Bernstein operators @are given by

k
Buaf = Bna(f(-),X) := Z P,k (X) f (;) , Xe8, neN, (1.2)

Kl<n

d
wherek := (k1, k2, . .., kq) With k; non-negative integergk| := >_ k;, and

=

!
Pok(X) = mxka — pxpyr

with the convention
xK = xlqu];z . ~x§d, and k! := kqlko!---kq!.

Ford = 1, the multivariate Bernstein operators given in (1.1) reduce to the classical
Bernstein operators:

- k
Bn(f’x) = Bn,l(f9x) = Z Pn,k(x)f (;) ) X € [09 1] (12)

k=0

For the simplexS, we denote bys the set of unit vectors in the directions of the edges
of Swhere—e ande are considered to be the same vector. We define the weight function,
for direction{ € Vg and a poink € S, as ( see alsf6] and[11])

q)g(x) = inf  dx,x+40) inf  dx, x— 20,
X+AL¢S,2>0 X—AL¢S,A>0

whered(x, y) is the Euclidean distance betweeandy in R?. Clearly,

2(x) = xi(L—x]), (=6, 1<i<d;
T (2u, {=(e—€)/v2, 1<i<j<d,

wheree; is the unit vector if?, i.e., itsith component is 1 and the others are 0.
For 0</4<1,{ € Vg andr € N, we define th&-functional as

Ar 0 '
o (7)

Dy (S) = {g € C(8): g € C"(Sp). andel’ <i> g C(S)} ,

KS(f.t) o= inf - +1
s (f )q,( L I f — gllcesy

C(Sa)

where

¢

andJSy is the interior ofS.
To characterize the derivatives of multivariate Bernstein operators, we introduce a mea-
sure of smoothness defined by

.
AhC(pi‘f

¢

. feC®), (eVs, 0<4<l,
C(Sa)

S (f.1), ;= sup
P oen<s
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where

rr) = Yo (L (5)f X+ (r —i)he), X, X+ rhe € S;
he e ) otherwise.

In [3] Ditzian studied the relation between the derivatives of classical Bernstein operators
B,.1f and the smoothness of functifirhe proved that

Theorem 1.1. Let r = 1,2, ¢?(x) := x(1 — x), and assume thaf € CJ[0, 1] satisfies
o (f, t)<Ctﬁ for somef > 0. Then the following equivalence holds true €k o < r:

r—o)/2
B(ri(f,x)' <C {min <n2, " >}( !
& P2(x)

if and only if
o, (f, 1) = O@%).

Here and in the sequety, (f, t) is the classical modulus of continuity of r order for the
univariate function fC denotes the positive constant which is independentfaimgx, but
its value may be different at different occurrence.

Zhou[12] extended the result to the cases of higher order derivatives; he proved that The-
orem 1.1isvalid forany € N.We notice that itfi7] the global result for higher order deriva-
tives of univariate Bernstein—Durrmeyer operators was characterizéd [y 1](1< p
< 00) by Ditzian—Totik’s modulus. Moreover, we know that Ditzifg] usedwgl(f t) )

(the case offl = 1 andr = 2 for co,(f t) ) and gave an interesting direct estlmate for

univariate Bernstein operators. The estlmate combines the classical local result (the case
A = 0) with the global norm result (the cage= 1) developed by Ditzian and Tot{#0].
Such results for univariate polynomial approximation were previously investigaf@®in

In this paper, we study the characterization of derivatives for multidimensional Bernstein

operators by using the measure of smoothn&gf l‘) . The main results are as follows:

Theorem 1.2. Suppose € N, f € C(S5),0 <o <r,0<A<L, { € Vg, andwg(f, t)(p,; =
O (¢*). Then we have

ol () (94) Bp.a(f, X)

(r—m)/2

<cmin|n2?4 "
= Y 2(1-7)
(Pg (x)

Theorem 1.3. Letr € N, { € Vg, and assume that € C(S) satisfieszug(j', )=0 (tﬂ)
for somef > 0. Then the following equivalence holds true fbx o < r:

r (r—ou)/2
(a)B (7.0l <c {min (2, =2
~ n,d\J, B sy T o O s
a) P20
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if and only if
wi(fi 1) = O@").

2. Some lemmas
To prove Theorems 1.2 and 1.3 we will show some lemmas in this part.

Lemma 2.1. Let f € C(S),r € N,0<i<1land{ € V5. We have

i r

N r(A=1)
</)2’“(X)< ac) Bua(£.0| <Cn? (max(n ™2, 6:00)) " Ifllcis:

Proof. First, we recall the discussion of Theorem 4.1df] that will allow us to consider
Lemma 2.1 forf = e; only in which casé/0{ = 0/0x;. Itis clearthatiff = e, 2<i <d,

we may just rename the coordinates. The following transformation will help us to complete
the other cases d@f The transformatio (see p. 102-103 i 1]) defined by

T(x1,x2,...,%q) = (U, u2,...,ug) :=u, wu =x for I#ju;=1—]|x
satisfies
T2 =1, [ istheidentity operator, 7S — S onto,
0 0 0 .0 0
— = for 1 #£j, — =——.
oup  0x;  0xj Ouj 0x;
We then can check (see algh)
Bl‘l,d(f’ X) = Bn,d(fT, TX)’ Bn,d(fa TX) = Bn,d(fT, X)7
where fr(u) = f(x),u = TX. So, for{ = (g — ej)/\/z 1<i < j<d, we have (see also
p. 103 of[11])

P (X) (

<
ot

6 r
() (—) By.a(fr.u)

) Bn,d(f’ X) O

B r(i—1)
<cn'l? (max<n 172 P, (U)>) I frlces,

r(A=1)
= cn'l2 (max(n 2, 0:0)) " 1 lles,
Secondly, we prove

A

Pl (%) (%) Bua(f,%)| <Cn'2|| flicisy- (2.1)
X1

Let

X* := (x27 x3’ A 7‘xd)7 X = ('x].? X*) e S’ k* := (k27 ks’ AR kd)? k = (kl7 k*)’
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we write

d d

|X*|:=in, |k*|I=Zki.

i=2 i=2

Recalling thatx*| = 1impliesx; = 0, we can pup := 7=+ |X* forO<|x*| < 1,andy :=0
for [x*| = 1. Thereforep,, (x) can be rewritten as

Pe, () = (L= X" Nep(y)
and P, k (x) can be decomposed as

P k(X) = Py s (X°) Pk ky ().

Using the fact that

0" ORI

k=0

< Cnr/Z
C[0,1]

proved in[2], we know that

r a ' *
Py (%) (a—m) Bua(f. 0| <| Y. Puse )9 ()P |k*|kl(y)f< )

k| <n
< Clfllesny  max X D P ()
k¥ <n
n—|k*|
< sup [@"() Y Pt ©
lk*| <n §=0
c[0.1]
< Cn"?| fllcesy-
Also, itis easy to obtain
o\ . [k
o) Bralh0| = | _r), Y Park0AL f (-
X1 n K| <n—r n
< Cn" | fllcesy- (2.2)

Now, we use (2.1) and (2.2) to complete the proof. &aK) = ¢g, (X) + then

1
O0n(X) ~ max{goel(x), ﬁ} , (2.3)

wherea ~ b means that there exists a positive cons@nsuch that 1o <b<Ca.
If e, (X) > \/iﬁ thens, (x) ~ ¢, (x) and by (2.1) it follows that

ri Y
Pe, (x) (a_x]-> n, d(f X)| <

Cn' 2oLV 0 flleesa

< SV fllecsy-
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If goel(x)g NG thend,, (x) ~ and by (2.2) it follows that

ri i>'
e (X) (aXl Bn,d(fv X)

<Cn' gy )| f ey

<Cn'ur AR flie sy <Cn' 28R flies,-

Therefore, combining the two cases and using (2.3) we have

)
”“(x)( ) Bua(f,x)| < Cn'28" YA Flicesy

r(A—1)
<cn'l? (max(nfl/z, (Pel(X)>) I fllcess)-

The proof of Lemma 2.1 is complete ]

Lemma 2.2. Letr e N0 <1t < 8—lr,x + ’—Zf € (0,1) and0< i <r. Then there holds

t/2 t/2 t/2 r —p
I_/ / / ® x—i—Zui dutidus---du,
t/2J —t/2 —t/2 .

i=1
) -8
< Ct (orgn/?gr (p(x +1t(r/2— k)))) .

Proof. The casg’ = 0 is obvious, and the cagk= r has been proved by Zhda2]. If
0 < f < r, then from the Holder inequality it follows that

12 pi)2 12 r B/r
/ f / o x+Zui duyduz---du,
t/2J —t/2 —t/2 ie

1

t/2  pt)2 t/2 1-B/r
(f / .../ dulduz...dur>
t/2J —t/2 —t/2

-B
< Ct <Omax (p(x +1t(r/2 — k)))) .

<k<r

This completes the proof of Lemma 2.2[]
Lemma 2.3. Let f € D,(S),r € N,0</4<1,and{ € Vs. Then we have

M(X)<a>rB (f,x| <c ri (ﬁ)rf
6(; n,d\J, X Q)C ag

C(Sa)
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Proof. Similar to the discussion in the proof of Lemma 2.1, we only need to prove the case

(=6, ie,
ri i)r
() s

ri J '
(/)ez (X) (a_xz) Bn,d(fa X)

If 2 =0, then (2.4) follows from the fact

<C (2.4)

C(Sa)

o\ o
(6_)62> Bradl 120 =6~ )' |k§ , Prork008he, f <Z>
1/” l/n 1/}1 6 r
= P, rk(x)/ / / < >
(n = r)‘ |k|<Zn r 0x2
f( +622ul> duidus---du,
i=1

If0 < 2< 1, we then use the induction on the dimension nundkierprove (2.4). When
d =1, we can write

r r n! rA — r k
@ (0B (f.%) = —5? #(x) k; Par k()AL f (;)

_ n: ri
= n—r)! Q" (x) Py rO(x)Al/nf(O)
n! n—r—1 k
+ 0 () D Park (DAY, f (—)
(n—r)! Pt n
n' rl n-—r
+(n )'QD (x) Py r,n— r(x)Al/nf( " )
=01+ 02+ QOs.
Now, we estimated1, Q2> and Q3, respectively. Recalling the inequalities (see p. 155 of
[10])
r k —r+1 / r) k
ynf | =) <Cn —+4ulldu, O<k<n-r,
n 0 n
) r/n )
rl/nf(O)‘ <Cn™"/ “/ u2fe (u)‘ du
0
and
r n—r <C *V/2+1 ! 1 r/2 (r) d
1/nf " stn - A —w)y’f ()| du,
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we have
X r/n ur(l—/l)/Z
< C) rd ¢(r) r/2+1 ri P / __d
01 < o s gm0 Prroto) [ du
< C) ri p(r) ri/2 1— n—r+ri/2 ri/2
A o f C[O,l]n ( Xx) X
g C) F;L (r) .
o f C[0,1]
Similarly,
gc‘ }"/1 (r) .
oal<c o s o,
For Q2, we obtain
n—r—1 du
<Cn ‘ ri p(r) ri P f _auw
| Q2| £ on @@ Z .k (X) 0
n—r— 1 du
< rA p(r) ri
C”‘ S 01(/) (x) Z Py (X) (K( /ﬂ))”ﬁ
n n
) n—r—1 -~ n r 212
< C‘ rA (r) P _ 2r (_)
Y f cro.1] ];- n r,k(x)(/) (x) X n—r—k
) n—r—1 42
— C ‘ rA (r) P ,k, ,
o1 o Z wirkesr (0 Q01 k. 7)
where

_m=rlk+nr! (n—k)! ﬂ n"
Qo kr) = TR sk —hy SC

So,

02<C g/

o1’

Hence, (2.4) is valid fod = 1.
Next, suppose that (2.4) is valid far= m, m >1; we prove (2.2) is also true fat =
m + 1. To observe this, we use a decomposition techniqudfoi( f, X) used in[1]. Let

k
Hy, (u) = f ( nl (1— ;) U) , U= (ug,uz,...,uqg-1) € Sy-1
and

0<x1 < 1
= Y1) =1 T
(r1, y2, Yd—1) { 0 " xi=1
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wherex* := (x2, x3, ..., xq), (x1, X*) € S;. We then have

n
Bua(f.X) =Y Puty(x1)Buty.a-1(Hiy (). ).
k1=0

and obtain

o\ n
(/)g(X) <a_)62> Bn,d(f, X) = Z Pn,k]_(xl)(l - xl)r(l_l)

k1=0

a r
X Qg (Y) (6_)11) By—y,a-1(Hgy, Y).

Since the summation in (2.5) may be taken e/ <n — r, we have

ri 2\
P (a—xz) Bua(f %)

n—r A A a r
=D Pui )1 — x1)" " Pogly) (8_) By—ky,a—1(Hiy, Y)
k1=0 yl
n—r X X a r
< Pung )@ —x)" Y ol () (a—) Hpy (-)
k1=0 €1 C(Sq-1)

Recalling that
ri 0 '
(pel (U) E Hk1 (U)

= (ua(1— U2 (1— ﬁ) (i> f(’ﬂ, (1_ ﬁ) u>
n e n n

r(1-7) r
8 ) )
n n n ey n

we find

r 6 !
P (X) (a_xz> Bn.a(f, %)

249

(2.5)

<C

r

Pe,

ri

Pe,

(

<6
2

Ox

0

0

)7
x2

r i n—r kl r(1=7)
) f A —x)" 3" Py () (1— ;)

C(Ss) k1=0

n—r kl r l_/l
A= x)) VD7 Pagg(xn) (1— —)
n
C(Sa) k1=0
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0\
rA
Ve <5XZ) f

(n—k)’

nr

n—r

Z n! (n—r—=k)!
n—r)! (mn—k)!

C(S) \k1=0
1-1

=C

X

Pn—r,kl(xl)

X a r n—r 17/1
0 (&m) f C Y Puriy(x)
C(Sq) k1=0

0\
rA
Ve <5)C2) f
C(Sq)

The proof of Lemma 2.3 is complete[]

=C

=C

Now, we define the linear combination operator8eh (f, x) as (see also section 9.2 of
[10])

r—1

Bua(f,r,x) =Y ai)By a(f,x), reN,

i=0
whereq; (n) satisfy
@n=no<nyi<---<n_1<Cn;
(b) Zf;ciaxn) =1
(©) Xilglaim|<C;
(d) Zf;éai(n)ni_k =0 k=1,2,...,r —1.
The following estimate foB, 1(f, r, x) is similar to the corresponding ones of Ditzian
[5] and Zhou12].
Lemma 2.4. Let f € C[0, 1], r € N,and0< A< 1. Then we have

|Bua(for,x) — f(x)| <Co, (f, nfl/zArl;i(x))(p/1 .

wherew, (f, Dy = ot (f, Dyl is Ditzian—Totiks modulus of univariate functiofi €
il
CI0, 1] (se€e[10]), and A, (x) := @(x) + %

Proof. For f € C[0, 1]and0< A< 1, we denote’(;;‘(f, t) = K;,_ (f, t) and define another
K-functional as g

- .
K, (f.1):= gezl)r,n[(o N {Ilf —glleo+1

wrig(r)

C[0,1]
147/ A=2/2) H g

C[O,l]} '
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It was proved in Chapters 2 and 3[@0D] that
o (f g2 ~ Kpy (1) ~ K (f.1), (2.6)

A method similar to Lemma 5.3 ¢7] (see also p. 141 df.0]) gives that foru between
t andx there hold

|t_u|rfl<|t_‘x|rfl |t_u|rfl<|t_x|rfl

Prw) @) T AF@w) T AF(x)

Then, for anyg € D, [0, 1], using Taylor's formula

g(n) —g(x) = Z

and the fact thaB, 1((- — x)X,r,x) =0fork =1,2,...,r — 1 (see Section 9.2 ¢10]),

we see
x)

(k)
8 ()(t— )k

! r —1)!

t
f (t —u) " (u) du

|Bn,l(gsrvx) _g(x)|

<1 5
DGR

t
/ t—u) gD du|,r,
X

r—1
S HA;’Ag(r) cio.1] Ay ) Z |la; (n)| By, 1|1t — x|", x)
' i=0
r—1
< Ao AT ) B Y- 1/2
n8 co " ) Z lai ()| | Bn; 2(lt — x|7, x)
' i=0

r—1 2 r/2
- pcx) 1
A Ar . _
con <x);|al<n>|< P n2>

i

<clagar

ATA=D) (.
co1 " x)

Also, we have

ri (r)

r—1
|Buate.ro) = g < o 07 D lai (| Bua (1t = 1", %)
i=0

C[0.1]

< Cl’l r/2 H(p}“) (r) Az(x)qoir)h(x).

C[0,1]

Thus, fore(x) >1//n, f € C[0, 1], thenA, (x) ~ ¢(x), and

C[O,l]}

mJ’

|Buafor, )= f )] < {uf gllcoartn /245 @) |75

Ar (r)

{uf gllcron +n 24P ) o
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which implies from (2.6) that
|Bua(firx) = )] < CKL, (£~ 2457

< Coy, ( f n_l/ZA,ll_}'(x))W .

For p(x)<1//n, thenA,(x) ~ 1//n, and
’Bn,l(f’ rvx) - f(-x)‘

<C{Ilf gllcroa) +n"PATAA (x) HA” ")

’ [0,1]}

<C {I — gllcroay +n 2450 (x)

x <H (pM (,) cro. 1])}

<c{||f gllcoa+n A0 () g

C[O,l]} ’

ot a2 ] o)

l¢

C[0,1]

r/(1=2/2)
) e

which implies from (2.6) that
|Buafor ) = f@)] <Co, (fin 24l ) .
(p/v
Combining the above two cases we complete the proof of Lemma 214.

Remark 2.5. In the casée. = 0, Lemma 2.4 is Theorem 2.1 [if2]. In the sequel, we only
use the conclusion of cage= 0, but we expect the lemma to be conducive to answer the
inverse of Theorem 1.2.

Lemma 2.6. For f € C(S),{ € Vs, r € N,and0<A<1,we have
OF(f D)y ~ KEC. 1) g 27)

Proof. The casal = 1 was proved by Theorem 2.1.1 @0]. For d > 1, we can show
(2.7) by a decomposition technique used in Theorem[1]ofVe omit the details. [
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3. Proof of main result

We first prove Theorem 1.2. Fgr= e; and anyg € D,(S), from Lemmas 2.1, 2.3 and
(2.3) it follows that

r 6 '
2 (x) <§1> Bya(f. %)

”(x><i>r3 (f —gx|+
e 6x1 n,d 8>

”(x)(i)rB (g, x)
Pey ox1 n,d\§,

ri i '
Per (5361) 8

Thus, by the definition oK-functional and Lemma 2.6, we derive that

”(x)(i>r8 (f.%)
e ax1 n,d\J,
\/_ -1
<C [ min [ n?% 7, (min{pt-a2, ¥
(e ) o (2l ) )
e

-1
<C - N min ]2, V"
(mm (n 2(1 ”(x))) w (f (mm{n (pél*’l(x) ) ) )
Pey
" (r—0)/2
<C {min nz_’l, —)} .
(o

Similarly, the cases fdf = e, es, . ..., &; canbe proved. If = (e;—€;)/+v/2, 1<i < j<d,
then it is not difficult to obtain fon = s andu = Tx that

) _ r(1-2)
<cn'2 (mine®2, g100)) " If = gllees + €

C(Sa)

w

g r 5 = r N
O Py _0<su<ph "”?(X)gf(X) C(Sa) oftugh Argjon T HC(Sd)
== (Ur (fT1 h)(/)
Therefore,
r a r
A (x B, a(f. 0| = lo* ) (=) B, .u
o )<6€) (£ 0] = | ><an) afrou)

(r—ou)/2
n
< ¢ lmin (w2 _>}
= * o 2(1-)
( At ()

(r—o)/2
_ ; 2—). n
= C {min (n , —2(1 “(x)) } .
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Next, we prove Theorem 1.3. From Theorem 1.2 (the dase 0) the sufficiency is
obvious. To show the necessary, we define the linear combination operaRyg ffas

r—1

Bua(for,%) =) ai(n) By, a(f, %),

i=0

where the coefficients; (n) satisfy the conditions (a)-(d) given in Section 2. Kkot=
(x1, X*) € Sy, letx* = (x2, x3, ..., x4) be fixed, and

F(t) := f(t,x"), re[0,1], (t,X") € Sy,

then

Bua(F,x)= ) Pnk(x>f( )

kl<n
ki
= Z Pogy ) f (= X" ) = B a(F (), x1).
k1=0 n
Therefore, from Lemma 2.4 it follows that
|Bya(F,r,X) — f(X)| = |By1(F, 7, x1) — F(x1)|
< Co, (F n*l/zAi**(xl)) . (3.1)

Leth € (0,1/8r),0 < t<h, x1,x1+rt € (0,1), then

|Ale, | < [Aley (fOO = Bua (F,7.0)| + |Algy (Bua (F. 7, %)
=11+ I>.

From (3.1), we obtain
nL<C ‘Atelwr (F n=124 (xl))) Co (F,d(n, x1, 1))
< CoPt (f,d(n, x1,1)),
where

d(n, x1.1) —max{l, ax (x1+(r—k)t)}.

n’ 0<k<r Jn

Using the definition of linear combination operators we have

i ' 9 r r
12 < /O / <a_> B}’l,d (f('vX*)vra <X1+Z yi’X*))
t r 1
/ / ai(n)B (F x1+ Z y,)

dy1-+-dy,

dyi---dyr
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s r—1 2 n; e
/ f Z lai (n)] (m'n ("i’ @ (x4 yi)))

xdyy--

(r—u)/2
/ / min ( n? .
—t/2 —t/2 D2 (x1 /24 30 Vi)

xdyy -

Thus, on the one hand, we have
12<Ctr r— 0(7

and on the other, from Lemma 2.2 it follows that

t/2 t r
I < Cn"""2 f o " X1+r—+zyi dyi---dy;
7t/2 —t/2 2 i—1
) —r+ua
< Cn"% [ max (— —~ k)
n omax, ® x1+ > + >

:Ct’( v )r a.
maXp<k<r @ (x1+ (r — k)t)

Thus,
LLCE (d(n, x1, )",
and
|Ale, O] SCat (f.d(n, x1.1) + Ct" (d(n, x1,1))* "
Now, we use a recursion method usedlif] to imply
o (f,h) = O (hY). (3.2)
For anys € (0, g-), we can choose am such that
din,x1,1) <o <dmn —1,x1,1)<2d(n, x1, ).
Consequently,
|Ale, f ()| SC1081(f, 6) + Cat" 6"

with the constant€”1 and C, independent ok, ¢, h andd, andC1, C2 > 1. Using the
conditionwt(f, h) = (hﬁ> with someff > 0 and letting
h

=@ci+1 o= 2
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we obtain for anyt € N
o2 (f h) < C1ot (f h/A) + C2A"*h*
208 ( fih /A2) F C1C2 A" 2% 4 CH AT R

NN

k—1
Clo® (f.h/4") + Con* A= 3" (C1A™)
=0

(1 - (ClA““)k)

1— C1A

k k
<ot (o C) o (1 (o) ).
(2C1+ D/ (2C1 + H1H/P

Thus, lettingk — oo, we derive (3.2)
Also, for{ =¢€,i =2,3,...,d, we can obtain

¥ (f.h) =0 (h*).

For{ = (g — ej)/ﬁ, 1<i < j<d, sety = g,u = Tx, we have
(5)’3 (fr.w)| = <6>rB (f, %)

611 n,d\JT> = ac n,d\J,
<C [min (nz, n/mg(x))

—C {min <n2, n/q)%(u))

N

(r—o)/2

}(r 3()/2

Therefore,
¢ - r = n
oim= sup (a5 = swp 4@ o= ol
—0 ().

The proof of Theorem 1.3 is complete.
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